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ON THE RELATIVE CONNECTIONS
INDRANIL BISWAS AND ANOOP SINGH
Abstract. We investigate relative connections on a sheaf of modules. A sufficient
condition is given for the existence of a relative holomorphic connection on a holomorphic
vector bundle over a complex analytic family. We show that the relative Chern classes of
a holomorphic vector bundle admitting relative holomorphic connection vanish, if each
of the fiber of the complex analytic family is compact and Ka¨hler.
1. Introduction
In [1], Atiyah introduced the notion of holomorphic connections in principal bundles over
a complex manifold. A theorem due to Atiyah and Weil, [1], [11] which is known as the
Atiyah-Weil criterion, says that a holomorphic vector bundle over a compact Riemann
surface admits a holomorphic connection if and only if the degree of each indecomposable
component of the holomorphic vector bundle is zero (see [3] for an exposition of the
Atiyah-Weil criterion); this criterion generalizes to holomorphic principal bundles over a
compact Riemann surface [2].
We can ask following two basic questions:
Question 1.1. Let π : X −→ S be a surjective holomorphic proper submersion with
connected fibers, and let ̟ : E −→ X be a holomorphic vector bundle.
(1) Suppose E admits a relative holomorphic connection. Do the relative Chern classes
vanish?
(2) Is there a good criterion for the existence of a relative holomorphic connection on
E?
Here we shall answer the (first) Question 1.1(1), when each fiber of the complex analytic
family is compact and Ka¨hler (See Theorem 4.13). We are unable to answer the (second)
Question 1.1(2); instead we will answer the following question (see Theorem 4.14):
Question 1.2. Let π : X −→ S be a surjective holomorphic proper submersion such
that π−1(t) = Xt are connected. Let ̟ : E −→ X be a holomorphic vector bundle.
Suppose that for every t ∈ S, there is a holomorphic connection on holomorphic vector
bundle ̟|Et : Et −→ Xt. Does E admit a relative holomorphic connection?
To answer the above questions, we shall develop theory of the relative connections on
sheaf of modules. Let (π, π♯) : (X, OX) −→ (S, OS) be a morphism of ringed spaces
and F be an OX-module. In [6], Grothendieck described the notion of S-derivation or
relative derivation from OX to F . Also, in [8], Koszul did “Differential Calculus” in the
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frame work of commutative algebra, which can be reformulated in sheaf theoretic manner.
We recall in Section 2, from [6] and [8], some preliminaries regarding relative derivations,
relative connections, relative connections on associated OX -modules, covariant derivative
and connection-curvature matrices in the setup of ringed spaces. In the third section,
we define the relative differential operator between sheaves of OX -modules and symbol
map of a first order relative differential operator. In Section 4, we recall the notion of
complex analytic family, which is done in [9] in great detail. We establish the symbol
exact sequence (see Proposition 4.2).
Proposition 1.3 (Symbol exact sequence). Let π : X −→ S be a holomorphic proper
submersion of complex manifolds with connected fibers, and let F , G be two locally free
OX-modules of rank r and p respectively. Then the sequence
0→HomOX (F , G) ı−→ Diff 1S(F , G) σ1−→ DerS(OX , HomOX (F , G))→ 0
is an exact sequence of OX-modules.
This (symbol) exact sequence is used in defining relative Atiyah algebra. The notion of
relative holomorphic connections on an analytic coherent sheaf was introduced by Deligne
[4], which coincides with the definition given here if it is formulated in the holomorphic
setting. Given a relative holomorphic connection on a holomorphic vector bundle, there
is an induced family of holomorphic connections; more precisely we prove the following
(see Proposition 4.5):
Proposition 1.4. Let π : X −→ S be a surjective holomorphic proper submersion with
connected fibers, and let E
̟−→ X be a holomorphic vector bundle. Suppose that we have
a holomorphic S-connection D on E. Then for every t ∈ S, we have a holomorphic
connection Dt on the holomorphic vector bundle Et → Xt. In other words, we have a
family {Dt | t ∈ S} of holomorphic connections on the holomorphic family {̟ : Et →
Xt | t ∈ S} of vector bundles.
Next, we define the relative Chern classes of a complex vector bundle over a complex
analytic family, and prove the following (see Theorem 4.13):
Theorem 1.5. Let π : X −→ S be a surjective holomorphic proper submersion, such
that for each t ∈ S, π−1(t) = Xt is compact connected Ka¨hler manifold. Let E ̟−→ X be
a holomorphic vector bundle. Suppose that E admits a holomorphic S-connection. Then
all the relative Chern classes CSp (E) ∈ H2pdR(X/S)(S) of E over S, are zero.
In last subsection 4.G, we prove a sufficient condition for the existence of relative
holomorphic connection. More precisely, we prove the following (see Theorem 4.14):
Theorem 1.6. Let π : X −→ S be a surjective holomorphic proper submersion such
that π−1(t) = Xt are connected. Let ̟ : E −→ X be a holomorphic vector bundle.
Suppose that for every t ∈ S, there is a holomorphic connection on holomorphic vector
bundle ̟|Et : Et → Xt, and
H1(S, π∗(Ω1X/S(EndOX (E)))) = 0 .
Then, E admits a holomorphic S-connection.
.
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2. S-Connections
In this section, we shall introduce the notion of S-derivation following [6] and relative
connection (or S-connection). Throughout this section we shall assume that (X, OX),
(S, OS) are two ringed spaces, while (π, π♯) : (X, OX) −→ (S, OS) is a morphism
between them.
2.A. S-Linear morphism of sheaves
Let F , G be two OX -modules. A morphism α : F → G of sheaves of abelian groups is
said to be S-linear if for every open subset V ⊂ S, for every open subset U ⊂ π−1(V ),
for every t ∈ F(U) and for every s ∈ OS(V ), we have
α(ρU,π−1(V )(π
♯
V (s))t) = ρU,π−1(V )(π
♯
V (s))α(t) ,
where ρU,π−1(V ) : OX(f−1(V )) −→ OX(U) is the restriction map. We denote by
HomS(F , G) the sheaf of S-linear morphism from F to G. We denote ρU,π−1(V )(π♯V (s)) by
s|U .
2.B. S-derivation
For the following definition see [6] (Chapitre IV, 16.5).
Let F be an OX-module. An S-derivation from OX to F is a morphism
δ : OX → F
of sheaves of abelian groups which satisfies the following conditions:
(1) δ is an S-linear morphism.
(2) (Leibniz rule.) For every open subset U ⊂ X , and for every a, b ∈ OX(U), we have
δU (ab) = aδU(b) + δU (a)b .
The set of all S-derivation from OX to F form a left OX(X)-module denoted by
DerS(OX ,F) .
For every open subset U ⊂ X , we note that DerS(OX |U ,F|U) is a left OX(U)-module.
For every open subset U ⊂ X , the assignment U 7−→ DerS(OX |U ,F|U) is a sheaf of
OX -module and it is denoted by DerS(OX , F).
Let EndS(F) denote the sheaf of S-linear endomorphism on F . Then EndS(F) is an
OX -module. In particular, if we take F = OX , then EndS(OX) is a sheaf of Lie algebras
with respect to the bracket operation defined as follows:
[ξ, η] = ξ ◦ η − η ◦ ξ
for every open subset U ⊂ X and for all ξ, η ∈ EndS(OX)(U). We note thatDerS(OX , OX)
is a Lie subalgebra of EndS(OX).
Theorem 2.1. Let (π, π♯) : (X, OX) −→ (S, OS) be a morphism of ringed spaces. Then
there exists a unique OX–module, denoted by Ω1X/S , and endowed with an (universal) S-
derivation
dX/S : OX −→ Ω1X/S
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satisfying following universal property: For any OX-module F , and for any S-derivation
δ : OX −→ F ,
there exists a unique OX-module homomorphism
α : Ω1X/S −→ F
such that
δ = α ◦ dX/S .
Proof. Cf. [6] (Proposition:16.5.3 on p. 28). 
2.C. S-Connections
Let F be an OX -module. An S-connection or relative connection on F is an OX–
module homomorphism
D : DerS(OX , OX) −→ EndS(F)
such that for every open subset U of X and for every ξ ∈ DerS(OX , OX)(U), the
OX(U)–module homomorphism
DU : DerS(OX , OX)(U) −→ EndS(F)(U) , ξ 7−→ (DU)ξ
satisfies the Leibniz rule which says that
((DU)ξ)V (ag) = ξ|V (a)g + a((DU)ξ)V (g)
for every open subset V of U , for all a ∈ OX(V ) and g ∈ F(V ).
If π : X −→ S is a holomorphic map of complex manifolds with connected fibers,
and F is a holomorphic vector bundle over X , we call D a holomorphic S-connection.
Similarly, If π : X −→ S is a smooth map of smooth manifolds and F is a smooth
vector bundle, we call D a smooth S-connection.
Remark 2.2.
(1) We note that (DU)ξ : F|U −→ F|U is an S-linear endomorphism, where S-
linearity is with respect to π|U : U −→ S.
(2) The inclusion map
ǫ : DerS(OX , OX) →֒ EndS(OX)
is an S-connection on the OX-module OX , and it is called the canonical S-
connection on OX . To avoid the cumbersome notation (DU)ξ, we shall simply
denote it by Dξ.
2.D. S-Connections on the associated OX-modules
Let (Fi)i∈I be a family of OX -modules, and for each i ∈ I, let Di be an S-connection on
Fi. Then the various OX-modules obtained from (Fi)i∈I by functorial construction has
natural S-connections.
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2.D.1. Direct Sum. If
F =
⊕
i∈I
Fi ,
and if we define
Dξ(u) = (D
i
ξ(ui))i∈I
for all sections ξ of DerS(OX , OX) and all u = (ui)i∈I of F , then we get an S-connection
D on F . In particular, if we take each Fi to be OX and each Di to be ǫ, the canonical
S-connection on OX , then every free OX -module has a canonical S-connection.
2.D.2. Tensor products. Suppose I = {1, 2, · · · , p}, where p is an integer ≥ 1. Then for
every open subset U of X , and for each ξ ∈ DerS(OX , OX)(U), there exists a unique
S-linear endomorphism Dξ of F1
⊗
OX · · ·
⊗
OX Fp such that on the presheaf level it is
given by the formula
Dξ(s1 ⊗OX · · · ⊗OX sp) =
p∑
i=1
s1 ⊗OX · · · ⊗OX si−1 ⊗OX Diξ(si)⊗OX si+1 ⊗OX · · · ⊗OX sp
for every s1⊗OX · · ·⊗OXsp ∈ F1(U)
⊗
OX(U) · · ·
⊗
OX(U) Fp(U). This gives an S-connection
on F1
⊗
OX · · ·
⊗
OX Fp.
Suppose that F1 = F2 = · · · = Fp = F , and denote F1
⊗
OX · · ·
⊗
OX Fp by T
p
OX (F).
Equip T 0OX (F) = OX with the canonical S-connection ǫ on OX , and for each p ≥ 1, equip
T pOX (F) with the S-connection induced by the S-connection D on F ; this S-connection
on T pOX (F) will be denoted by Dp. Recall that the tensor algebra of OX -module F is a
graded OX-algebra
TOX (F) =
⊕
p∈N
T pOX (F) .
Let D be the connection on the OX-module TOX (F), which is the direct sum (see Section
2.D.1) of the connections. It is called the induced connection on TOX (F).
Remark 2.3. On tensor algebra TOX (F), we have
Dξ(s⊗ t) = Dξ(s)⊗ t + s⊗Dξ(t),
for all local sections ξ of DerS(OX , OX) and local sections s, t of TOX (F).
2.D.3. Submodule and quotient module. Let F be an OX-module with an S-connection
D, and let G be an OX -submodule of F . Let H denote the quotient OX-module F/G.
Suppose that for every section ξ of DerS(OX , OX), we have Dξ(G) ⊂ G. Then D will
induce an S-connection on G and on H.
2.D.4. Symmetric algebra and exterior Algebra. Let D be an S-connection on F . The
S-connection on the tensor algebra TOX (F) induced by D will also be denoted by D. Let
I denote the two sided ideal sheaf of TOX (F) described as follows:
for every open subset U of X , let I(U) be the two sided ideal in TOX (F)(U) generated
by elements of the form s⊗ t− t⊗s, where s, t ∈ F(U). Then Dξ(I) ⊂ I for all sections
ξ of DerS(OX , OX). Thus, by above Section 2.D.3, we get an S-connection D on the
symmetric algebra
SymOX(F) = TOX (F)/I
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of F .
Similarly, let J denote the two sided ideal sheaf of TOX (F) generated by the local
sections s⊗ s of T 2OX (F), where s is a local section of F . Then we have Dξ(J ) ⊂ J for
all local sections ξ of DerS(OX , OX), and hence a connection on the exterior algebra
ΛOX (F) = TOX (F)/J
of F is obtained.
Remark 2.4.
(1) For all p ∈ N, we have Dξ(SympOX(F)) ⊂ SympOX(F), where SympOX(F) is the
p-th graded component of the symmetric algebra SymOX(F). Consequently, we
get an S-connection on SympOX(F). Similarly, we get an S-connection on ΛpOX (F).
(2) We have
Dξ(ss
′) = Dξ(s)s′ + sDξ(s′)
for all local sections ξ of DerS(OX , OX) and s, s′ of SymOX(F), and
Dξ(t ∧ t′) = Dξ(t) ∧ t′ + t ∧Dξ(t′)
for all local sections ξ of DerS(OX , OX) and t, t′ of ΛOX (F).
2.D.5. S-Connection on HomOX (F , G). Let F , G be OX -modules with S-connections DF
and DG respectively. For every local section ξ of DerS(OX , OX), let Dξ be the S-linear
endomorphism of the OX -module HomOX (F , G),which is defined by
Dξ(h) = D
G
ξ ◦ h− h ◦DFξ ,
for all local sections h of HomOX (F , G). Then the morphism
D = ξ 7→ Dξ : DerS(OX , OX)→ EndS(HomOX (F , G))
is an S-connection on HomOX (F , G).
Remark 2.5.
(1) If F = G, and DF = DG, then the above S -connection D on EndS(F) is given
by
Dξ(h) = [D
F
ξ , h] = D
G
ξ ◦ h− h ◦DGξ
for all local sections h of EndS(F).
(2) If G = OX , and if DG is the canonical connection on OX , then the above connec-
tion on F∗ = HomOX (F , OX) is given by
Dξ(f) = ξ ◦ f − f ◦DFξ
for all local sections f of F∗.
2.D.6. S-Connection on OX-module of OX-multilinear maps. Let p ≥ 1 be an integer,
and let F1, F2, · · · , Fp, G be OX-modules with S-connections D1, D2, · · · , Dp, DG re-
spectively. For every open subset U of X , define
LOX (F1, · · · ,Fp;G)(U) := LOX |U (F1|U , · · · ,Fp|U ;G|U) ,
where LOX |U (F1|U , · · · ,Fp|U ;G|U) is the OX(U)-module of OX |U -multilinear maps from
F1|U × F2|U × · · · × Fp|U to G|U . The sheaf of OX -multilinear maps is denoted by
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LOX (F1, · · · ,Fp;G). For every local section ξ of DerS(OX , OX), let Dξ be the S-linear
endomorphism of the OX -module LOX(F1, · · · ,Fp;G) defined by
Dξ(ω)(u1, u2, . . . , up) = D
G
ξ (ω(u1, u2, . . . , up))−
p∑
i=1
ω(u1, . . . , ui−1, Diξ(ui), ui+1, . . . , up) ,
for all local sections ω of LOX(F1, · · · ,Fp;G) and local sections (u1, u2, · · · , up) of F1 ×
F2 × · · · × Fp. Then the morphism
D = ξ 7−→ Dξ : DerS(OX , OX) −→ EndS(LOX (F1, · · · ,Fp;G))
is an S-connection on LOX (F1, · · · ,Fp;G).
Remark 2.6. Let LpOX (F ,G) denote the OX -module LOX (F1, · · · ,Fp;G), where F1 =
· · · = Fp = F . Let D be the S-connection on LpOX(F ,G) induced by DF and DG.
Let SympOX (F ,G) (respectively, AltpOX (F ,G)) denote the OX-submodule of LpOX (F , G)
consisting of symmetric (respectively, alternating) OX-multilinear maps from Fp to G.
Then
Dξ(SympOX (F ,G)) ⊂ SympOX (F ,G)
(respectively, Dξ(AltpOX (F ,G)) ⊂ AltpOX (F ,G)). Therefore, D induces an S-connection
on the OX -submodules
SympOX (F ,G) and AltpOX (F ,G)
of LpOX (F ,G).
2.D.7. Compatibility of multilinear maps and S-connections. Let p ≥ 1, and let
F1, · · · , Fp, G
be OX-modules with S-connections D1, · · · , Dp, DG respectively. Let
µ : F1 × F2 × · · · × Fp −→ G
be an OX-multilinear map. We say that D1, D2, · · · , Dp, DG , µ are compatible if for
every local section ξ of DerS(OX , OX), and for all local sections (u1, u2, · · · , up) of
F1 × F2 × · · · × Fp, we have
DGξ (µ(u1, · · · , up)) =
p∑
i=1
µ(u1, · · · , ui−1, Diξ(ui), ui+1, . . . , up) .
The following proposition is straight-forward to prove.
Proposition 2.7. Let F , G and H be OX-modules, and let
µ : F × G −→ H
be a OX-bilinear map. Let K be any OX-module and p ≥ 1, q ≥ 1. Then, we have a
OX-bilinear map
∧ : AltpOX (K,F)×AltqOX (K,G) −→ Altp+qOX (K,H)
defined by
α ∧ β(u1, . . . , up+q) =
∑
σ∈S(p,q)
sgn(σ)µ(α(uσ(1), . . . , uσ(p)), β(uσ(p+1) . . . , uσ(p+q)))
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for all local sections α of AltpOX (K,F), and β of AltqOX (K,G), where S(p, q) is the set of
all (p, q)-shuffles, that is, the set of all permutation σ ∈ Sp+q such that σ(1) < · · · < σ(p)
and σ(p+ 1) < · · · < σ(p+ q).
The construction in Proposition 2.7 produces the following corollary.
Corollary 2.8. Let DF , DG and DH be S-connections on F ,G and H respectively, which
are compatible with µ. Let DK be an S-connection on K. Denote the induced connections
on AltpOX (K,F), AltpOX (K,G) and Altp+1OX (K,H) by DF , DG and DH respectively. Then
DF , DG, DH and ∧ are compatible, that is,
DHξ (α ∧ β) = DFξ (α) ∧ β + α ∧DGξ (β)
for all local sections ξ of DerS(OX , OX), α of AltpOX (K,F) and β of AltqOX (K,G).
2.E. The relative Lie derivative
Let F be an OX -module and D an S-connection on F . Let p ≥ 1 be an integer, U an
open subset of X , ξ ∈ DerS(OX , OX)(U), and α ∈ LpOX(DerS(OX , OX),F)(U). Then
the map
θξ(α) : (DerS(OX , OX)(U))p −→ F(U) ,
defined by
θξ(α)(η1, · · · , ηp) = Dξ(α(η1, · · · , ηp))−
p∑
i=1
α(η1, · · · , ηi−1, [ξ, ηi], ηi+1, · · · , ηp)
for all η1, · · · , ηp ∈ DerS(OX , OX)(U), is an OX(U)-multilinear map. Moreover, the
map
θξ : FpOX(DerS(OX , OX),F)(U) −→ FpOX(DerS(OX , OX),F)(U)
is S-linear, because Dξ is S-linear.
The S-linear morphism
θ : DerS(OX , OX) −→ EndS(LpOX(DerS(OX , OX),F))
is called the relative Lie derivation in degree p associated with D.
Remark 2.9.
(1) The relative Lie derivation satisfies the followings:
• θξ(α + β) = θξ(α) + θξ(β),
• θξ(aα) = ξ(a)α+ aθξ(α),
• θξ+ζ(α) = θξ(α) + θζ(α), and
• θsξ(α) = sθξ(α)
for all local sections α, β of LpOX(DerS(OX , OX), F), ξ, ζ of DerS(OX , OX), a ofOX , and s of OS.
(2) If α is alternating (respectively, symmetric), then so is θξ(α), that is,
θξ(AltpOX (DerS(OX , OX), F)) ⊂ AltpOX (DerS(OX , OX), F)
(respectively, θξ(SympOX (DerS(OX , OX), F)) ⊂ SympOX (DerS(OX , OX), F)).
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2.E.1. The Lie derivative and the exterior product. Let F , G, and H be OX -modules
equipped with S-connections DF , DG and DH respectively. Let µ : F × G −→ H be an
OX -bilinear map. Take integers p ≥ 1 and q ≥ 1. Then, we have an OX-bilinear map
∧ : AltpOX (DerS(OX , OX), F)×AltqOX (DerS(OX , OX), G)
−→ Altp+qOX (DerS(OX , OX), H) .
Suppose that DF , DG , DH and µ are compatible, that is,
DHξ (µ(u, v)) = µ(D
F
ξ (u), v) + µ(u,D
G
ξ (v))
for all local sections ξ of DerS(OX , OX), u of F , and v of G.
Then we have
θξ(α ∧ β) = θξ(α) ∧ β + α ∧ θξ(β)
where the Lie derivations are associated with their respective connections, while α and β
are local sections of their respective OX -modules.
2.F. Covariant derivative
Let F be an OX -module and ξ ∈ DerS(OX , OX)(U), where U ⊂ X is an open subset,
and p ≥ 2 an integer. For each
α ∈ LpOX (DerS(OX , OX),F)(U) ,
define (ıξ(α))U ∈ Lp−1OX (DerS(OX , OX),F)(U) by
(ıξ(α))U(η1, · · · , ηp−1) = α(ξ, η1, · · · , ηp−1)
for all η1, · · · , ηp−1 ∈ DerS(OX , OX)(U). When α is of degree 0, we define ıξ(α)U = 0.
We call (ıξ(α))U the relative interior product of ξ and α over U . This yields an
OX -module homomorphism
ı : DerS(OX , OX) −→ HomOX (LpOX(DerS(OX , OX), F), Lp−1OX (DerS(OX , OX), F))
defined by ıU(ξ)(α) = ıξ(α)U , for every open subset U of X .
The interior product satisfies the following properties:
(1) ıξ+η = ıξ + ıη, for all local sections ξ and η of DerS(OX , OX).
(2) ıaξ = aıξ, for all local sections a of OX and ξ of DerS(OX , OX).
(3) If D is an S-connection on F , and θ the associated relative Lie derivative, then
for all local sections ξ, η of DerS(OX , OX),
θξ ◦ ıη − ıη ◦ θξ = ı[ξ,η] .
(4) If α is a local section of AltpOX (DerS(OX , OX), then ıξ(ıξ(α)) = 0.
(5) Let F , G and H be OX -modules equipped with S-connections DF , DG and DH
respectively. Let µ : F ×G −→ H be an OX -bilinear map. Let p ≥ 1 and q ≥ 1
be integers. Then, we have an OX -bilinear map
∧ : AltpOX (DerS(OX , OX), F)×AltqOX (DerS(OX , OX), G) −→ Altp+qOX (DerS(OX , OX), H) .
Suppose that DF , DG , DH and µ are compatible, that is,
DHξ (µ(u, v)) = µ(D
F
ξ (u), v) + µ(u,D
G
ξ (v))
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for all local sections ξ of DerS(OX , OX), u of F , and v of G. Then
ıξ(α ∧ β) = ıξ(α) ∧ β + (−1)pα ∧ ıξ(β) ,
where the Lie derivations are associated with their respective connections, while
α and β are local sections of their respective OX-modules.
Proposition 2.10. Let D be an S-connection on an OX-module F . Then, there exists a
unique family of S-linear morphism
d = dp : AltpOX (DerS(OX , OX), F) −→ Altp+1OX (DerS(OX , OX), F) ,
where p ∈ N, such that
θξ = d ◦ ıξ + ıξ ◦ d
for all local sections ξ of DerS(OX , OX).
Proof. This is proved in [8, p. 11, Chapter I, Theorem 2]. 
The S-linear morphism d in Proposition 2.10 is called the covariant derivative asso-
ciated with D.
2.F.1. Explicit formula for the covariant derivative. The following proposition is straight-
forward.
Proposition 2.11. Let D be an S-connection on an OX-module F . Then, the covariant
derivative with respect to D is given by
d(α)(ξ1, · · · , ξp+1) =
p+1∑
i=1
(−1)i+1Dξi(α(ξ1, · · · , ξˆi, . . . , ξp+1))
+
∑
1≤i<j≤p+1
(−1)(i+1)α([ξi, ξj], ξ1, . . . , ξˆi, . . . , ξˆj, . . . , ξp+1)
for all local sections α of AltpOX (DerS(OX , OX),F) and ξ1, · · · , ξp+1 of DerS(OX , OX).
Proposition 2.11 gives the following:
Corollary 2.12. The following three hold.
(1) d(α)(ξ) = Dξ(α) for all local sections α of F and ξ of DerS(OX , OX).
(2) d(α)(ξ, η) = Dξ(α(η))−Dη(α(ξ))−α([ξ, η]), for all local sections α of Alt2OX (DerS(OX , OX), F)
and ξ, η of DerS(OX , OX).
(3) d(α)(ξ, η, ν) =
∑
cyclic(Dξ(α(η, ν))− α([ξ, η], ν)).
2.F.2. Covariant derivative and exterior product. The following proposition is straight-
forward.
Proposition 2.13. Let F , G and H be OX-modules equipped with S connections DF , DG
and DH respectively. Let µ : F × G −→ H be an OX-bilinear map. Suppose that DF ,
G, DH and µ are compatible. Then for all local sections α of AltpOX (DerS(OX , OX), F)
and β of Alt•OX (DerS(OX , OX), F), we have
d(α ∧ β) = d(α) ∧ β + (−1)pα ∧ d(β) .
Proposition 2.13 gives the following:
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Corollary 2.14. Let F be an OX-module with connection D. Then
d(aα) = d(a) ∧ α + ad(α)
for all local sections a of OX and α of Alt•OX (DerS(OX , OX), F), where d(a) is the
covariant derivative of a with respect to the canonical connection on OX .
2.G. The curvature form
Let D be an S-connection on an OX -module F , and let
d : Alt•OX (DerS(OX , OX),F) −→ Alt•+1OX (DerS(OX , OX),F)
be the covariant derivative associated with D. Then the map
d ◦ d = d2 : Alt•OX (DerS(OX , OX), F) −→ Alt•+2OX (DerS(OX , OX), F)
is called the curvature operator of D, and it will be denoted by R.
Let α be a local section of Alt0OX (DerS(OX , OX), F) = F . Then R(α) = d(d(α)) is a
local section ofAlt2OX(DerS(OX , OX), F). Let ξ and η be local sections ofDerS(OX , OX).
Then
R(α)(ξ, η) = d(d(α))(ξ, η)
= Dξ(d(α)(η))−Dη(d(α)(ξ))− d(α)([ξ, η])
= Dξ(Dη(α))−Dη(Dξ(α))−D[ξ,η](α) .
Thus, for every open subset U of X and for all sections ξ, η ∈ DerS(OX , OX)(U), we
get an OX |U -module homomorphism
KU(ξ, η) : F|U −→ F|U
defined by
KU(ξ, η) = Dξ ◦Dη −Dη ◦Dξ −D[ξ,η] .
Hence these KU together define an OX -bilinear map
K : DerS(OX , OX)×DerS(OX , OX) −→ EndOX (F) .
The following is straight-forward.
Proposition 2.15. The above OX-bilinear map K is an alternating map.
The alternating OX -bilinear map K is called the curvature form of D. We say the
S-connection is flat if the curvature form is identically zero.
2.H. Connection and curvature matrices
Let F be a locally free coherent OX -module of rank r. Let U be an open subset of X
such that F|U is a free OX |U -module. Let s = (s1, · · · , sr) be an OX |U -basis of F|U .
For each ξ ∈ DerS(OX , OX)(U), define an r × r matrix
ω(ξ) = (ωij(ξ))1≤i,j≤r
of elements of OX(U) by the equation
Dξ(sj) =
r∑
i=1
ωij(ξ)si (1 ≤ j ≤ r) .
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We, thus get, for every i, j ∈ {1, · · · , r}, an element ωij of
HomOX (DerS(OX , OX), OX)(U) = Alt1OX (DerS(OX , OX),OX)(U) .
This gives an r×rmatrix ω = (ωij)1≤i,j≤r, where entries are sections ofAlt1OX (DerS(OX , OX),OX)
over U . It is called the connection matrix of D with respect to s. Considering s =
(s1, · · · , sr) as a row vector, this ω is the unique r×r matrix overAlt1OX (DerS(OX , OX),OX)(U)
such that
Dξ(ω) = sω(ξ)
for all ξ ∈ DerS(OX , OX)(U). If u =
∑r
j=1 ajsj ∈ F(U), where aj ∈ OX(U), then
Dξ(u) = s(ξ(a) + ω(ξ)a)
for all ξ ∈ DerS(OX , OX)(U). If
d = dX/S : Alt0OX (DerS(OX , OX), OX) = OX −→ Alt1OX (DerS(OX , OX), OX)
is the covariant derivative associated with canonical connection on OX , then
Dξ(u) = s(d(a) + ω(ξ)a)
for all ξ ∈ DerS(OX , OX)(U).
Let t = (t1, · · · , tr) be another OX |U -basis of F|U , and tj =
∑r
i=1 aijsi, for all
1 ≤ j ≤ r. Then the matrix a = (aij)1≤i,j≤r is an element of GLr(OX(U)). Let ω′ be
the connection matrix of D with respect to t. Then we have
ω′ = a−1da+ a−1ωa .
Let K be the curvature form of D. For all ξ, η inDerS(OX , OX)(U), let
Ω(ξ, η) = (Ωij(ξ, η))1≤i,j≤r
be the r × r matrix over OX(U), defined by
K(ξ, η)(sj) =
r∑
i=1
Ωij(ξ, η)si
for 1 ≤ j ≤ r. We thus get for all i, j ∈ {1, · · · , r} an element
Ωij ∈ Alt2OX
(DerS(OX , )OX , OX)(U) .
This gives a r×r matrix Ω = (Ωij)1≤i,j≤r whose entries are sections ofAlt2OX (DerS(OX , OX), OX)
over U . It is called the curvature matrix of D with respect to s. Considering s =
(s1, · · · , sr) as a row vector, this Ω is the unique r×rmatrix overAlt2OX (DerS(OX , OX), OX)(U)
such that
K(ξ, η)s = sΩ(ξ, η)
for all ξ, η ∈ DerS(OX , OX)(U).
We have Ω = dω + ω ∧ ω. If t = (t1, · · · , tr) is another OX |U -basis of F|U as above,
and Ω′ is the curvature matrix of D with respect to t, then
Ω′ = a−1Ωa ,
where a = (aij)1≤i,j≤r as before.
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3. S-Differential Operator
3.A. First order S-differential operator
Let (π, π♯) : (X, OX) −→ (S, OS) be a morphism of ringed spaces. Let F and G be two
OX -modules. A first order S-differential operator is a morphism
P : F −→ G
of sheaves of abelian groups such that
(1) P is an S-linear morphism, and
(2) for every open subset U ⊂ X and for every f ∈ OX(U), the bracket [P |U , f ] :
F|U −→ G|U defined as
[P |U , f ]V (s) = PV (f |V s)− f |V PV (s)
is an OU -module homomorphism for every open subset V ⊂ U and all s ∈ F(V ).
Let Diff1S(F , G) denote the set of all first order S-differential operator. Then Diff1S(F , G)
is an OX(X)-module. For every open subset U of X , U 7−→ Diff1S(F|U , G|U) is a sheaf of
first order S-differential operator from F|U to G|U . This sheaf is denoted by Diff 1S(F , G).
3.B. Symbol of a first order S-differential operator
Given a first order S-differential operator P : F −→ G, define a morphism of abelian
sheaves
θ : OX −→ HomOX (F , G)
by θU (f) = [P |U , f ] for every open subset U ⊂ X and f ∈ OX(U). Then θ is an S-
derivation. For every W ⊂ S, V ⊂ π−1(W ), s ∈ OS(W ), t ∈ OX(V ), and u ∈ F(V ),
we have, by S-linearity of P ,
θV (s|V t)(u) = [P |V , s|V t](u)
= P (s|V t)(u)− s|V tP (u)
= (s|V )P (t)u− s|V tP (u)
= (s|V )[P |V , t](u) .
Thus θ is an S-linear morphism.
Next, to verify θ satisfies Leibniz rule, for every f, g ∈ OX(U), where U ⊂ X is any
open subset, and for every u ∈ F(U), we have [P |U , f ](gu) = P (fgu)− fP (gu) which
gives P (fgu) = g[P, f ](u) + fP (gu). Now,
θ(fg)(u) = [P, fg](u)
= P (fgu)− fgP (u)
= g[P, f ](u) + fP (gu)− fgP (u)
= gθ(f)(u) + fθ(g)(u)
= (gθ(f) + fθ(g))(u).
Thus, θ(fg) = θ(f)g + fθ(g).
Hence, we have the following:
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Proposition 3.1. Let F and G be OX-modules and P : F −→ G a first order S-
differential operator. Then there exists a unique S-derivation
θ : OX −→ HomOX (F , G)
such that θU(f) = [P |U , f ] for every open subset U of X and for every f ∈ OX(U).
The S-derivation θ defined above is called the symbol of P ; it will be denoted by
σ1(P ).
Every OX -module homomorphism is a first order S-differential operator. Therefore,
HomOX (F , G) is an OX -submodule of Diff 1S(F , G). Let
ı : HomOX (F , G) −→ Diff 1S(F , G)
be the inclusion morphism. Thus, we have an exact sequence of OX -modules
0 −→ HomOX (F , G) ı−→ Diff 1S(F , G) σ1−→ DerS(OX , HomOX (F , G)) . (3.1)
In general, σ1 need not be surjective.
4. Analytic Theory
4.A. Complex analytic families
Let (S,OS) be a complex manifold of dimension n. For each t ∈ S, let there be given
a compact connected complex manifold Xt of fixed dimension l. The set {Xt | t ∈ S}
of compact connected complex manifolds is called a complex analytic family of compact
connected complex manifolds, if there is a complex manifold (X, OX) and a surjective
holomorphic map π : X −→ S of complex manifolds with connected fibers such that the
followings hold:
(1) π−1(t) = Xt for all t ∈ S,
(2) π−1(t) is a compact connected complex submanifold of X for all t ∈ S, and
(3) the rank of the Jacobian matrix of π is equal to n at each point of X .
(See [9] for details.) In other words, π : X −→ S is a surjective holomorphic proper
submersion, such that π−1(t) = Xt is connected for every t ∈ S.
4.B. Holomorphic relative tangent and cotangent bundles
Let π : X −→ S be a surjective holomorphic submersion of complex manifolds with
connected fibers such that dim(X) = m and dim(S) = n. For any t ∈ t, the fiber
π−1(t) will be denoted by Xt. Let dπS : TX −→ π∗TS be the differential of π. The
subbundle
T (X/S) := Ker(dπS) ⊂ TX
is called the relative tangent bundle for π. Thus we have a short exact sequence
0 −→ TX/S ı−→ TX dπS−→ π∗TS −→ 0 (4.1)
of OX -modules and OX -linear maps.
The dual T (X/S)∗ of the relative tangent bundle is called the relative cotangent bundle
and it is denoted by Ω1(X/S). The sheaf of holomorphic sections of relative cotangent
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bundle Ω1(X/S) will also be denoted by Ω1X/S . Dualizing the short exact sequence in
(4.1), we get a short exact sequence
0 −→ π∗Ω1S
dπ∗S−→ Ω1X ı
∗−→ Ω1X/S −→ 0 . (4.2)
The relative tangent sheaf TX/S and the relative cotangent sheaf Ω1X/S are locally free
OX -modules of rank l = m− n.
From Theorem 2.1, there exists a unique S-derivation dX/S : OX −→ Ω1X/S. For any
integer r ≥ 1, define ΩrX/S = ΛrΩ1X/Y , which is called the sheaf of holomorphic relative
r-forms on X over S. We have the short exact sequence
0 −→ π∗Ω1S ⊗ Ωr−1X −→ ΩrX −→ ΩrX/S −→ 0 (4.3)
which is derived from the short exact sequence in (4.2).
Theorem 4.1. There exists canonical π−1OS-linear maps ∂rX/S : ΩrX/S −→ Ωr+1X/S , called
the relative exterior derivative, satisfying the following:
(1) ∂0X/S = dX/S : OX −→ Ω1X/S ,
(2) ∂r+1X/S ◦ ∂rX/S = 0, and
(3) ∂r+sX/S(α ∧ β) = ∂rX/Sα ∧ β + (−1)rα ∧ ∂sX/Sβ, for all local sections α of ΩrX/S and
β of ΩsX/S .
Proof. This basically follows from Proposition 2.10. First note that the sheafDerS(OX , OX)
is canonically isomorphic to the holomorphic relative tangent sheaf TX/S as anOX-module,
and hence AltrOX (DerS(OX , OX), OX) is canonically isomorphic to the sheaf ΩrX/S as an
OX -module. In view of the canonical S-connection in OX , by Proposition 2.10, canonical
S-linear map exists satisfying (1), and by Proposition 2.13, it satisfies (3). Finally, (2)
follows from Corollary 2.12(2). 
4.C. Relative Atiyah algebra
Proposition 4.2 (Symbol exact sequence). Let π : X −→ S be a holomorphic proper
submersion of complex manifolds with connected fibers, and let F and G be two locally
free OX-modules of rank r and p respectively. Then
0 −→ HomOX (F , G) ı−→ Diff 1S(F , G) σ1−→ DerS(OX , HomOX (F , G)) −→ 0
is an exact sequence of OX-modules.
Proof. It is enough to show that σ1 is surjective. Let θ ∈ (DerS(OX , HomOX (F , G)))x
with x ∈ X . We have to show that there exists a first order S-differential operator P
defined near x, such that (σ1)x(Px) = θ, where
Px ∈ (Diff 1S(F , G))x
is the germ of P at x. Let (U, φ = (z1, · · · , zl, zl+1, · · · , zl+n)) be a holomorphic chart
on X around x, and let s = (s1, · · · , sl) and t = (t1, · · · , tp) be holomorphic frames of
F and G respectively, on U . We may assume that θ is the germ at x of a section u of
DerS(OX , HomOX (F , G)) over U . Since
HomOX (Ω1X/S , HomOX (F , G)) ∼= DerS(OX , HomOX (F , G)) ,
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u can be considered as a section of HomOX (Ω1X/S , HomOX (F , G)) over U , that is, u :
Ω1X/S |U −→ HomOU (F|U , G|U) is anOU -module homomorphism. As {dzα | 1 ≤ α ≤ l}
is an OU -basis of Ω1X/S |U , there exists a uniquely determined function bαij ∈ OX(U), where
1 ≤ i ≤ p, 1 ≤ j ≤ r and 1 ≤ α ≤ l, such that
u(dzα)(sj) =
p∑
i=1
bαijti .
Define P : F|U −→ G|U by
P (
r∑
j=1
(fjsj) =
∑
i,j,α
bαij
∂fj
∂zα
ti .
Then P is S-linear, because for any V ⊂ π−1(W )⋂U , where W ⊂ S is any open subset,
and any g ∈ OS(W ), we have
∂g ◦ π
∂zα
= dπx(
∂
∂zα
)(g) = 0
for all α = 1, · · · , l. The bracket operation [P, f ] is OU -linear. Thus P is a first order
S-differential operator, that is, P ∈ Diff 1S(F , G)(U). Let V ⊂ U and ξ ∈ Ω1X/S(V ).
Then ξ =
∑l
α=1 ξαdzα, where ξα ∈ OU(V ). Then by the construction of the symbol
map, and the universal property of (Ω1X/S , dX/S), we have
σ1(P )V (ξ) =
∑
α
ξασ1(P )V (dzα) =
∑
α
ξα[P, zα] . (4.4)
From the definition of P it follows that P (sj) = 0 for all j, and hence
[P, zα](sj) = P (zαsj) =
∑
i
bαijti = uV (dzα)(sj) .
Therefore, [P, zα] = u(dzα), and hence (4.4) becomes
σ1(P )V (ξ) =
∑
α
ξαuV (dzα) = uV (ξ) .
This proves that σ1(P )U = u, that is, (σ1)x(Px) = θ. 
Let E be a locally free OX -module. By Proposition 4.2, we have a short exact sequence
of OX -modules
0 −→ EndOX (E) ı−→ Diff 1S(E, E) σ1−→ DerS(OX , EndOX (E)) −→ 0 .
For any S-derivation ξ : OX −→ OX , let ξ˜ : OX −→ EndOX (E) be the map defined
by a 7−→ ξ(a)1E, where a is a local sections of OX . Then ξ˜ is an S-derivation. Thus, we
have an OX -module homomorphism
Ψ : DerS(OX , OX) −→ DerS(OX , EndOX (E))
defined by ξ 7−→ ξ˜. Note that Ψ is an injective homomorphism.
Define
AtS(E) = σ−11 (Ψ(DerS(OX , OX))) ,
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which is an OX -module and for every open subset U of X . Note that AtS(E)(U) consists
of first order S-differential operator P ∈ Diff 1S(E, E)(U) such that (σ1)U(P ) = Ψ(ξ)
for some ξ ∈ DerS(OX , OX)(U), which is equivalent to the assertion that σ1(P )(a) =
ξ(a)1E or [P, a] = ξ(a)1E, for all a ∈ OX(U) and for some ξ ∈ DerS(OX , OX)(U).
Hence, we get a short exact sequence
0 −→ EndOX (E) ı−→ AtS(E) σ1−→ DerS(OX , OX) −→ 0 (4.5)
of OX -modules, which is called the Atiyah sequence while AtS(E) is called the relative
Atiyah algebra of E.
Proposition 4.3. Let π : X −→ S be a holomorphic proper submersion of complex
manifolds with connected fibers, and let E be a holomorphic vector bundle over X. Then
E admits an holomorphic S-connection if and only if the Atiyah sequence in (4.5) splits
holomorphically.
Proof. Suppose that the Atiyah sequence in (4.5) splits holomorphically, that is, there
exists an OX-module homomorphism
∇ : DerS(OX , OX) −→ AtS(E)
such that σ1 ◦ ∇ = 1DerS(OX ,OX). Then, for every open subset U ⊂ X and for every
ξ ∈ DerS(OX , OX)(U), this ∇U(ξ) is a first order S-differential operator such that
σ1(∇U(ξ))(a) = ξ′(a)1E for some ξ′ ∈ DerS(OX , OX)(U) and for every a ∈ OX(U).
This implies that ξ = ξ′, because the Atiyah sequence splits. We have [∇U (ξ), a] =
ξ(a)1E, which can be expressed as
∇U(ξ)(as) = a∇U(ξ)(s) + ξ(a)s
for every s ∈ E(U). Thus ∇U(ξ) satisfies Leibniz rule, and since AtS(E) is an OX -
submodule of EndS(E), it follows that ∇ is actually an S-connection on E.
The converse follows from the fact that any S-connection satisfies Leibniz rule, because
it gives an splitting of Atiyah exact sequence. 
The extension class of the Atiyah exact sequence (4.5) of a holomorphic vector bundle E
over X is an element of H1(X, HomOX (TX/S , EndOX(E))). This extension class is called
the relative Atiyah class of E, and it is denoted by atS(E). Note that
H1(X, HomOX (TX/S, EndOX (E))) = H1(X, Ω1X/S(EndOX (E))) .
Proposition 4.3 has the following corollary:
Corollary 4.4. A holomorphic vector bundle E on E admits a holomorphic S-connection
if and only if its relative Atiyah class atS(E) ∈ H1(X, Ω1X/S(EndOX (E))) is zero.
4.D. Induced family of holomorphic connections
As before, π : X −→ S is a surjective holomorphic proper submersion with connected
fibers. Let ̟ : E −→ X be a holomorphic vector bundle. For every t ∈ S, the
restriction of E to Xt = π
−1(t) is denoted by Et. Let U be an open subset of X and
s : U −→ E a holomorphic section. We denote by rt(s) the restriction of s to Xt ∩ U ,
whenever U ∩Xt 6= ∅. Clearly, rt(s) is a holomorphic section of Et over U ∩Xt. The map
rt : s 7−→ rt(s) induces, therefore, a homomorphism of C-vector spaces from E to Et,
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which is denoted by the same symbol rt (the restriction map rt is discussed in[9, p. 343]
and [10, p. 58]). Also, Xt is a complex submanifold of X , so OX |Xt = OXt . We also have
the restriction map rt : EndOX (E) −→ EndOXt (Et).
Similarly, if P : E −→ F is a first order S-differential operator, where F is a holo-
morphic vector bundle over X , then the restriction map rt : Et −→ Ft gives rise to
a first order differential operator Pt : Et −→ Ft for every t ∈ S. Thus, we have the
restriction map rt : Diff 1S(E, F ) −→ Diff 1C(Et, Ft). In particular, for E = F , we have
the restriction map rt : Diff 1S(E, E) −→ Diff 1C(Et, Et) for every t ∈ S. Since, the
restriction of the relative tangent bundle T (X/S) to each fiber Xt of π is the tangent
bundle T (Xt) of the fiber Xt, we have the restriction map rt : TX/S −→ TXt .
Now, for every t ∈ S, the restriction maps gives a commutative diagram
0 // EndOX(E)
rt

// AtS(E)
rt

σ1
// TX/S
rt

// 0
0 // EndOXt (Et) // At(Et)
σ1t
// TXt // 0
(4.6)
where the bottom sequence is the Atiyah sequence of the holomorphic vector bundle Et
over Xt (see (4.5)) and σ1t is the restriction of the symbol map σ1.
Suppose that E admits a holomorphic S-connection, which is equivalent to saying that
the relative Atiyah sequence in (4.5) splits holomorphically. If ∇ : TX/S −→ AtS(E) is
a holomorphic splitting of the relative Atiyah sequence in (4.5), then for every t ∈ S, the
restriction of ∇ to TXt gives an OXt-module homomorphism ∇t : TXt −→ At(Et). Now,
∇t is a holomorphic splitting of the Atiyah sequence of the holomorphic vector bundle
Et, which follows from the fact that the restriction maps rt defined above are surjective.
Thus, we have the following:
Proposition 4.5. Let π : X −→ S be a surjective holomorphic proper submersion
with connected fibers and ̟ : E −→ X a holomorphic vector bundle. Let D be a
holomorphic S-connection on E. Then for every t ∈ S, we have a holomorphic connection
Dt on the holomorphic vector bundle Et −→ Xt. In other words, we have a family
{Dt | t ∈ S} of holomorphic connections on the holomorphic family of vector bundles
{Et −→ Xt | t ∈ S}.
4.E. Smooth relative tangent bundle and smooth relative r-forms
As before, π : X −→ S is a complex analytic family of complex manifolds. Consider
π as a C∞ map between real manifolds. We denote the smooth relative tangent bundle
by TR(X/S), while its sheaf of smooth sections is denoted by T RX/S . Similarly, there is a
smooth relative cotangent bundle denoted by A1
R
(X/S) and its sheaf of smooth sections,
which is denoted by A1
R
(X/S). Define
T ∗(X/S)C = A1R(X/S)⊗R C = A1R(X/S)C ,
which is nothing but the complexification of the smooth relative cotangent bundle A1
R
(X/S).
A smooth section of A1
R
(X/S)C is called a complex valued smooth 1-form on X relative
to S, or a complex valued smooth relative 1-form on X over S. We denote the sheaf of
smooth sections of A1
R
(X/S)C by A1X/S; also, denote the sheaf of complex valued smooth
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function on X by C∞X . Then A1X/S is an C∞X -module, and there exists a unique S-derivation
dX/S : C∞X −→ A1X/S. The kernel Ker(dX/S) of dX/S is the sheaf of complex valued
smooth functions on X , which are constant along the fibers Xt, for all t ∈ S, that is,
Ker(dX/S) = π−1C∞S , where C∞S is the sheaf of complex valued smooth functions on S.
Similarly, we can define the complex valued smooth relative r-forms on X over S. A
smooth section of ΛrT ∗(X/S)C is called a complex valued smooth relative r-form on X
over S. Denote the sheaf of smooth sections of ΛrT ∗(X/S)C by ArX/S. The following
analog Theorem 4.1 is derived using Proposition 2.10 again.
Theorem 4.6. There exist canonical S-linear maps δrX/S : ArX/S −→ Ar+1X/S called relative
exterior derivative satisfying the following:
(1) δ0X/S = dX/S : C∞XA1X/S,
(2) δr+1X/S ◦ δrX/S = 0, and
(3) δX/S(α ∧ β) = δX/Sα ∧ β + (−1)rα ∧ δX/Sβ for all local sections α of ArX/S and β
of AsX/S.
Proof. First note that the sheaf DerS(C∞X , C∞X ) is canonically isomorphic to the relative
tangent sheaf T RX/S as an C∞X -module, and hence AltrC∞X (DerS(C∞X , C∞X ), C∞X ) is canonically
isomorphic to the sheaf ArX/S as an C∞X -module. Considering the canonical S-connection
in C∞X , by Proposition 2.10, there is a canonical S-linear map that satisfies (1), and by
Proposition 2.13, it satisfies (3). Finally, (2) follows using By Corollary 2.12(2). 
Henceforth, we shall denote δrX/S by dX/S, for all r ≥ 0. By the relative Poincare´
lemma, there is an exact sequence
0 −→ π−1C∞S −→ C∞X
dX/S−−−→ A1X/S
dX/S−−−→ · · · dX/S−−−→ A2lX/S −→ 0
of C∞X -module and S-linear maps. Thus we have a smooth relative de Rham complex
(A•X/S, dX/S), which is a resolution of the sheaf π−1C∞S .
For every integer p ≥ 0 and for every open subset V ⊂ S, the assignment
V 7−→ Hp(π−1(V ),A•X/S|π−1(V ))
is a presheaf of π∗C∞X (V ) = C∞X (π−1(V ))-module, where Hq(π−1(V ),A•X/S|π−1(V )) denotes
the hypercohomolgy group of π−1(V ) ⊂ X with values in A•X/S|π−1(V ). The sheafification
of this presheaf is a C∞S -module, and it is denoted by Rpπ∗(A•X/S).
The sheaf Rpπ∗(A•X/S) of C∞S -module is called the sheaf of relative de Rham cohomology,
and it is denoted by HpdR(X/S). Since, A•X/S is an acyclic resolution of π−1C∞S , we have
the following:
Proposition 4.7. Let π : X −→ S be a holomorphic proper submersion of complex
manifolds with connected fibers. Then
HpdR(X/S) ∼= Rpπ∗(π−1C∞S ) ,
where Rpπ∗(π−1C∞S ) is the higher direct image sheaf of π−1C∞S on S.
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Proof. Since, for each p ≥ 0, the sheaf ApX/S is fine, from the definition of hypercohomol-
ogy, we have
H
p(π−1(V ),A•X/S|π−1(V )) ∼= Hp(Γ(π−1(V ),A•X/S|π−1(V )))
for every open subset V ⊂ S. Also, A•X/S is an acyclic resolution of π−1C∞S . Thus, we
have
Hp(π−1(V ), π−1C∞S ) ∼= Hp(Γ(π−1(V ),A•X/S|π−1(V )))
for every open subset V ⊂ S. Now, the proposition follows from the definition of higher
direct image sheaves. 
Note that HpdR(X/S) is locally free C∞S -module.
Proposition 4.8 (Pullback of smooth relative forms). Suppose we have the following
commutative diagram
Y
π′

f
// X
π

T
g
// S
(4.7)
of complex manifolds and holomorphic maps, where π, and π′ are surjective holomorphic
proper submersions. Then, for every open subset U ⊂ X, and every smooth relative
differential form ω ∈ ArX/S(U), the pullback f˜ ∗(ω) is an element of ArY/T (f−1(U)).
Proof. Given the commutative diagram in (4.7), we have the following commutative dia-
grams:
0 // π∗A1S
π∗g∗

// A1X
f∗

// A1X/S
f˜∗

// 0
0 // π∗A1T // A1Y // A1Y/T // 0
(4.8)
0 // π∗A1S ⊗C∞X,C Ar−1X
π∗g∗

// ArX
f∗

// ArX/S
f˜∗

// 0
0 // π∗A1T ⊗C∞Y,C Ar−1Y // ArY // ArY/T // 0
(4.9)
Thus, given any ω ∈ A1X/S(U), from (4.8), we get that f˜ ∗(ω) is an element ofA1Y/T (f−1(U)),
and similarly, from (4.9) it follows that for any smooth relative r-form ω ∈ ArX/S(U), we
have f˜ ∗(ω) ∈ ArY/T (f−1(U)). 
4.F. Smooth relative connection and relative Chern class
In this section, we define the relative Chern class of a differentiable family of complex
vector bundles ̟ : E −→ X of rank r. For each t ∈ S, the restriction of E to
Xt = π
−1(t) will be denoted by Et.
We follow Section 2.H and substitute E in place of F there. Let D be a smooth
S-connection on E. Let (Uα, hα) be a trivialization of E over Uα ⊂ X . Let R be
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the S-curvature form for D, and let Ωα = (Ωijα) be the curvature matrix of D over
Uα, as defined in Section 2.H, so Ωijα ∈ A2X/S(Uα). We have Ωβ = g−1αβΩαgαβ , where
gαβ : Uα ∩ Uβ −→ GLr(C) is the change of frame matrix (transition function), which is
a smooth map.
Consider the adjoint action of GLr(C) on it Lie algebra glr(C) = Mr(C). Let f be a
GLr(C)-invariant homogeneous polynomial on glr(C) of degree p. Then, we can associate
a unique p-multilinear symmetric map f˜ on glr(C) such that f(X) = f˜(X, · · · , X), for
all X ∈ glr(C). Define
γα = f˜(Ωα, · · · , Ωα) = f(Ωα) ∈ A2pX/S(Uα) .
Since f is GLr(C)-invariant, it follows that γα is independent of the choice of frame, and
hence it defines a global smooth relative differential form of degree 2p, which we denote
by the symbol γ ∈ A2pX/S(X).
Theorem 4.9. Let π : X −→ S be a surjective holomorphic proper submersion of
complex manifolds with connected fibers and ̟ : E −→ X a differentiable family of
complex vector bundle. Let D be a smooth S-connection on E. Suppose that f is a
GLr(C)-invariant polynomial function on glr(C) of degree p. Then the following hold:
(1) γ = f(Ωα) is dX/S-closed, that is, dX/S(γ) = 0.
(2) The image [γ] of γ in the relative de Rham cohomology group
H2p(Γ(X, A•X/S)) = H2p(X, π−1C∞S )
is independent of the smooth S-connection D on E.
Proof. This is proved in [7] (Chapter II, Section 2, p. 36). 
Define homogeneous polynomials fp on glr(C), of degree p = 1, 2, · · · , r, to be the
coefficient of λp in the following expression:
det(λI +
√−1
2π
A) = Σrj=0λ
r−jfj(
√−1
2π
A) ,
where f0(
√−1
2π
A) = 1 while fr(
√−1
2π
A) is the coefficient of λ0. These polynomials f1, · · · , fr
are GLr(C)-invariant, and they generate the algebra of GLr(C)-invariant polynomials on
glr(C). We now define the p-th cohomology class as follows:
cSp (E) = [fp(
√−1
2π
Ω)] ∈ H2p(Γ(X, A•X/S))
for p = 0, 1, · · · , r.
The relative de Rham cohomology sheaf HpdR(X/S) ∼= Rpπ∗(π−1C∞S ) on S is by defini-
tion the sheafification of the presheaf V 7−→ Hp(π−1(V ), π−1C∞S |π−1(V )), for open subset
V ⊂ S. Therefore, we have a natural homomorphism
ρ : H2p(X, π−1C∞S ) −→ H2pdR(X/S)(S)
which maps cSp (E) to ρ(c
S
p (E)) ∈ H2pdR(X/S)(S).
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Define CSp (E) = ρ(c
S
p (E)). We call C
S
p (E) the p-th relative Chern class of E over S.
Let
CS(E) =
∑
p≥0
CSp (E) ∈ H∗dR(X/S)(S) = ⊕k≥0HkdR(X/S)(S)
be the total relative Chern class of E.
Proposition 4.10. Let E
̟−→ X π−→ S be as in Theorem 4.9. Let π′ : Y −→ T be a
surjective holomorphic proper submersion, such that the following diagram
Y
π′

f
// X
π

T
g
// S
(4.10)
is commutative, where f : Y −→ X and g : T −→ S are holomorphic maps. Then
f ∗(CS(E)) = CT (f ∗E) ,
where CS(E) is the total relative Chern class of E over S, and CT (f ∗E) is the total
relative Chern class of f ∗E over T .
Proof. Let D be smooth S-connection in E. It is enough to define a smooth T -connection
D∗ in f ∗E, such that f ∗Ω = Ω∗, where Ω∗ is the curvature matrix of D∗. Let e =
(e1, · · · , er) be a frame ofE over an open subset U ofX . Then, we have e∗ = (e∗1, · · · , e∗r),
where e∗i = f ◦ e∗i : f−1(U) −→ E is a frame of f ∗E over f−1(U). If a : U −→ GLr(C)
is a change of frame over U , then
f ∗a = a∗ = a ◦ f : f−1(U) −→ GLr(C)
is a change of frame in f ∗E over f−1(U). Now, we define S-connection matrix
ω∗ = f ∗ω = [f˜ ∗ωij] ,
where, ωij ∈ A1X/S(U), and f˜ ∗ : A1X/S −→ A1Y/T is the pullback map of the relative
forms as in Proposition 4.8. Moreover, if ω′ is the connection matrix with respect to the
frame e′ = e.a and ω′∗ is the pullback of ω′ under f ∗, then
ω′∗ = a∗−1ω∗a∗ + a∗−1da∗ .
Thus, if we consider D∗ = dY/T + ω∗, then from above compatibility condition, this
defines a smooth T -connection in f ∗E. Let Ω∗ be the curvature form of D∗. Then
Ω∗ = dY/Tω
∗ + ω∗ ∧ ω∗ = f ∗Ω .
Now, consider the homogeneous polynomial fp of degree p as defined above. The p-th
cohomology class is
cTp (f
∗E) = [fp(
√−1
2π
Ω∗)] = f ∗[cSp (E)]
for all p ≥ 0, which is the pullback of the cohomology class [cSp (E)], where
f ∗ : H2p(Γ(X,A•X/S)) −→ H2p(Γ(Y,A•Y/T ))
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is the morphism of C-vector spaces induced by the commutative diagram (4.10). Further,
we have the following commutative diagram
H2p(X, π−1C∞S )
f∗

ρ
// H2pdR(X/S)(S)
f∗

H2p(Y, π−1C∞T )
ρ
// H2pdR(Y/T )(T )
(4.11)
which implies that f ∗(CSp (E)) = C
T
p (f
∗E). This completes the proof. 
In particular, taking T = {t} ⊂ S, g to be the inclusion map t →֒ S, Y = Xt,
π′ = π|Xt : Xt −→ T and f to be the inclusion map j : Xt →֒ X , by Proposition 4.10,
we have the following:
Corollary 4.11. For every t ∈ S, there is a natural map
j∗ : H2pdR(X/S)(S) −→ H2p(Xt, C)
which maps the p-th relative Chern class of E to the p-th Chern class of the smooth vector
bundle Et −→ Xt, that is, j∗(CSp (E)) = cp(Et).
The following topological proper base change theorem is given in [5, p. 202, Remark
4.17.1] and [4, p. 19, Corollary 2.25]:
Theorem 4.12 (Topological proper base change). Let f : X −→ S be a proper contin-
uous map of Hausdorff topological spaces. Suppose that S is locally compact, and F is a
sheaf of abelian groups on X. Then for all t ∈ S, we have a canonical isomorphism
(Rpf∗F)t ≃ Hp(f−1(t), F|f−1(t))
of abelian groups.
Note that HpdR(X/S) is a locally free C∞S -module, and from Theorem 4.12 we have a
C-vector space isomorphism
η : HpdR(X/S)t ⊗C∞S,t k(t) −→ Hp(Xt, C) (4.12)
for every t ∈ S.
Theorem 4.13. Let π : X −→ S be a surjective holomorphic proper submersion with
connected fibers, such that π−1(t) = Xt is compact Ka¨hler manifold for every t ∈ S. Let
̟ : E −→ X be a holomorphic vector bundle. Suppose that E admits a holomorphic
S-connection. Then all the relative Chern classes CSp (E) ∈ H2pdR(X/S)(S) of E over S
are zero.
Proof. Let D be a holomorphic S-connection on E. From Proposition 4.5 it follows that
for every t ∈ S, there is a holomorphic connection Dt in Et. Since Xt is a compact
complex manifold of Ka¨hler type, from Theorem 4 in [1, p. 192] it follows that all the
Chern classes cp(Et) of Et are zero. From Corollary 4.11 and the isomorphism in (4.12)
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we have the following commutative diagram;
H2pdR(X/S)(S)
j∗
**❯❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
❯
// HpdR(X/S)t ⊗C∞S,t k(t)
η

H2p(Xt, C)
Now,
η(CSp (E)t ⊗ 1) = j∗(CSp (E)) = cp(Et) = 0 ,
which implies that CSp (E)t⊗ 1 = 0, for every t ∈ S, because η is an isomorphism. Thus,
we have CSp (E) = 0. This completes the proof. 
4.G. A sufficient condition for holomorphic connection
Given a surjective holomorphic proper submersion π : X −→ S with connected fibers
and a holomorphic vector bundle ̟ : E −→ X , Proposition 4.5 gives a necessary
condition for the existence of a holomorphic S-connection on E, namely the vector bundle
Et = E|Xt −→ Xt should admit a holomorphic connection for every t ∈ S.
If for every each t ∈ S the vector bundle Et admits a holomorphic connection, it is
natural to ask whether E admits a holomorphic S-connection. We will present a sufficient
condition for the existence of holomorphic S-connection on E.
Theorem 4.14. Let E
̟−→ X be a holomorphic vector bundle. Suppose that for every
t ∈ S, there is a holomorphic connection on the holomorphic vector bundle ̟|Et : Et −→
Xt, and
H1(S, π∗(Ω1X/S(EndOX (E)))) = 0 .
Then, E admits a holomorphic S-connection.
Proof. Consider the relative Atiyah exact sequence in (4.5). Tensoring it by Ω1X/S produces
the exact sequence
0 −→ Ω1X/S(EndOX (E)) −→ Ω1X/S(AtS(E)) q−→ Ω1X/S ⊗ TX/S −→ 0 . (4.13)
Note that OX · Id ⊂ End(TX/S) = Ω1X/S ⊗ TX/S . Define
Ω1X/S(At′S(E)) := q−1(OX · Id) ⊂ Ω1X/S(AtS(E)) ,
where q is the projection in (4.13). So we have the short exact sequence of sheaves
0 −→ Ω1X/S(EndOX (E)) −→ Ω1X/S(At′S(E))
q−→ OX −→ 0 (4.14)
on X , where Ω1X/S(At′S(E)) is constructed above. Let
Φ : C = H0(X, OX · Id) −→ H1(X, Ω1X/S(EndOX (E))) (4.15)
be the homomorphism in the long exact sequence of cohomologies associated to the exact
sequence in (4.14). The relative Atiyah class atS(E) (see Corollary 4.4) coincides with
Φ(1) ∈ H1(X, Ω1X/S(EndOX (E))). Therefore, from Corollary 4.4 it follows that E admits
a holomorphic S-connection if and only if
Φ(1) = 0 . (4.16)
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To prove the vanishing statement in (4.16), first note that H1(X, Ω1X/S(EndOX(E))) fits
in the exact sequence
H1(S, π∗(Ω
1
X/S(EndOX (E))))
β1−→ H1(X, Ω1X/S(EndOX (E)))
q1−→ H0(S, R1π∗(Ω1X/S(EndOX (E)))) ,
(4.17)
where π is the projection of X to S.
The given condition that for every t ∈ S, there is a holomorphic connection on the
holomorphic vector bundle ̟|Et : Et −→ Xt, implies that
q1(Φ(1)) = 0 ,
where q1 is the homomorphism in (4.17). Therefore, from the exact sequence in (4.17) we
conclude that
Φ(1) ∈ β1(H1(S, π∗(Ω1X/S(EndOX (E))))) .
Finally, the given condition that H1(S, π∗(Ω1X/S(EndOX (E)))) = 0. implies that Φ(1) =
0. Since (4.16) holds, the vector bundle E admits a holomorphic S-connection. 
Take π : X −→ S to be a surjective holomorphic proper submersion of relative
dimension one, so π−1(t) is a compact connected Riemann surface, for every t ∈ S.
Then, by the Atiyah-Weil criterion given in [1], [11] and [3] (Theorem 6.12), we have the
following:
Corollary 4.15. Let π : X −→ S be a surjective holomorphic proper submersion such
that π−1(t) = Xt is a compact connected Riemann surface for every t ∈ S. Let ̟ :
E −→ X be a holomorphic vector bundle. Suppose that for every t ∈ S, the degree of
the indecomposable components of Et are zero and
H1(S, π∗(Ω1X/S(EndOX (E)))) = 0 .
Then, E admits a holomorphic S-connection.
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